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Abstract 

The thermal Bogoliubov transformation in thermo field dynamics is generalized in two 
respects. First, a generalization of the a-degree of freedom to tilde non-conserving rep- 
resentations is considered. Secondly, the usual 2x2 Bogoliubov matrix is extended to a 
4x4 matrix including mixing of modes with non-trivial multiparticle correlations. The 
analysis is carried out for both bosons and fermions. 



1 Introduction 



In recent years there have been two directions of development of the real time formulation 
of quantum field theory at finite temperature called thermo field dynamics (TFD). One 
problem has been to reconcile the calculations of vertex functions with the result from 
the imaginary time formalism [|l], 0. Another important issue has been to generalize the 
standard TFD to non-equilibrium systems, in particular to time dependent situations 0, 
^ ^ . In connection with the second problem one has been led to consider generalizations 
of the standard thermal Bogoliubov transformation. More precisely, there is a freedom 
of choosing the parameters in the Bogoliubov matrix corresponding to a given density 
matrix. That freedom was used in Ref. [^] to simplify the calculation of expectation 
values in the interaction picture. Only two choices give time and anti-time ordered 
products for the perturbation expansion. Furthermore, the Boltzmann equation in |^ 
gives increasing entropy only with the choice a = 1 (a is one of the parameters in the 
Bogoliubov transformation), and when the thermal state is given at to = —oo. The choice 
a = and to = oo leads to decreasing entropy. In the general case the density matrix, 
or the thermal state, may be given at some finite time. The corresponding Bogoliubov 
transformation can also be highly non-linear to include the initial correlation of particles. 

In this paper we approach the problem by studying all possible choices of a linear 
Bogoliubov transformation for a given equilibrium density matrix, and discuss the prop- 
erties under Hermitian and tilde conjugation for different choices (see Sec.^. Non-linear 
Bogoliubov transformations are in general very difficult to deal with but we can quite 
easily extend the usual 2x2 thermal matrix to a 4 x 4 matrix in several ways. In Sec.^ we 
study some relevant extensions for bosons. The whole discussion is repeated for fermions 
in Sec.|[ 



2 Generalizations of the a— degree of freedom 

There has recently been much discussion about the freedom of choosing the thermal 
vacuum in TFD corresponding to a given density matrix 0, 0, . In particular the cyclicity 
of the trace gives the a-degree of freedom where a is defined by (A) = Tr(p^~"74p") = 
(p^~"|y4|p"). The last expectation value is calculated in the Hilbert space of density 



matrices and the scalar product is defined by the trace |]T0| . Note that (p° | is not the dual 
of \p^~°'). In TFD the two vectors are constructed from the zero temperature vacuum 
1 0,0) as 

|p") = J2{n\p''\m)\m,fi) , (p^""] = ^(m|pi-°|n) (m, n| . (2.1) 

m,n m,n 

In order to keep clear the meaning of Hermiticity, unitarity, bra- and ket-vectors, and 
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tilde conjugation etc., we define two distinct Hilbert (Fock) spaces Ta and . They are 
generated from vacuum vectors \ and \ by acting with the creation operators (a^, a^) 
and (^^, respectively. The two spaces are trivially isomorphic. In each space Hermitian 
and tilde conjugation are defined in the usual way and when an operator is said to be 
e.g. unitary it is meant to be with respect to the structure in the space it is acting. The 
operators (a^a\a^ ^a) and satisfy the usual canonical commutation relations 

(CCR) and wc call the algebras that they generate Aa and . 

We arc now interested in mappings 0: Aa ^ A^ other than the trivial one. In particu- 
lar, mappings that mix tilde and non-tilde operators are interesting since they represent 
mixed states. Then thermal expectation values of polynomials in a and (pol(a, a"!")) are 
computed by 

Tr(ppol(a,at)) = (O^|0(pol(a, at))|0^) . (2.2) 

The two vacuum vectors |(9„) and \0^) shall be thought of as the zero and finite temper- 
ature vacuum vectors. In this paper we only consider linear mappings though non-linear 
mappings are required if general density matrices should be represented in this way. Even 
in such cases the linear mappings are frequently useful when the non-linear effects can be 
treated by perturbation calculation. 

We shall see how the ct-degree of freedom emerges together with other parameters when 
we consider non-trivial mappings between and . The most commonly used Bogoli- 
ubov transformation in TFD is 





^ B2{e) X , (2.3) 



a \ (j) I cosh^ sinh^ 
j \ smh9 cosh^ 

and the Hermitian and tilde conjugates are defined anti-linearly. This represents the 
finite temperature density matrix 

Tr(exp(— /So; a'I'a)) ' 
where the inverse temperature /? is related to 9 through 

sinh^ e = --^ . (2.5) 



In this section we restrict ourselves to mappings that mix a and d', and their Hermi- 
tian conjugates. The most general linear mapping is 

: a'* ^ 3^""^ , a''^ ^ C^'^C ■ (2-6) 
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In the following we use the doublet notation, i.e. = {a,a^) and a^^ = (a^,a). We 
require the CCR to be conserved under the mapping (we denote the Pauli matrices by 

= rr = (BnC^r = r , , (2.7) 

so the only condition on i? G GL(2, (C ) is that it should be invertible to define C. This 
mapping leaves the free Hamiltonian invariant, 

H{a) = da- d^a ^ H{0 = ^'^^ - f f • (2.8) 

There are eight independent real parameters in B (except for the condition det(i?) 7^ 0) 
but only one combination appears in the expectation values of observables. For example, 
the particle number a^a is 

{0,\<P{a^a)\0,) = ^^^, (2.9) 

if we parametrize B by 

It turns out that the only physical parameter is (3'-// (^6, which should be chosen in 
[0, 1] G IR since the expectation value of the number operator must be real and posi- 
tive. 



The most general mapping conserves CCR but not Hermiticity and tilde conjugation 
in the sense that 

0(at)^0(a)t, (f){d) ^ iia) . (2.11) 

Note that f and ~ refer to different Hilbert spaces depending on which operator they 
act. In particular that means that the image of an Hermitian operator is not necessarily 
Hermitian. When the Hamiltonian is expressed in terms of ^-operators it may be non- 
Hermitian and the time evolution non-unitary in J-'^ . 

In many recent publications the mapping has been required to preserve the tilde but 
not Hermitian conjugation [|lT], [12|, |l^, ^, Since a'^ = r^'^d'^'^, the first relation in 
Eq.(^ leads to d^^' f-^ (tiBti)'"'^^'' . On the other hand the tilde conjugation of the 
second relation in Eq.( p.6|) gives d""^ {C*)^'^E}'^ ■ The invariance under tilde conjugation 
means C* = tiBti. This, together with Eq. ( p.7|) , gives 

Bt2B^ = T2. (2.12) 
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The solution is 



5 = e*'^ I ^ ^ 1 , (2.13) 



where (, P, 7, S, ip eJR, ip is an arbitrary phase and (6 — p-y = 1. Thus B G SL{2, JR) x 
17(1). 

The commonly used tilde-preserving Bogoliubov transformation is [§, ^ 

B-^( ] . (2.14) 

(Note that in Refs.p, § this matrix is called B"^ .) Then the relation between {(,(5,^,5) 
and the parameters (a, s, f) is 

f Pi 1, .5 log(/3C) ..... 

= 77 ' * = 7 log 7 ' « = 1 — 777 — i — 77Y • 2.15 
2 C log(/57) - log(C'5) 

The only combination that occurs in physical expectation values is 

n=^ = (3j. (2.16) 



It is also possible to preserve the Hermitian conjugation but not tilde conjugation and 
that imposes the condition 

Bt;B^ = ra . (2.17) 



The solution is 

iij) o iip 



5 = e^W 



(2.18) 



where /3, 0, y?, G IR and — = 1. This mapping leaves the Hamiltonian Hermitian 
so the time evolution in JF^ is unitary. 

Finally we can consider mappings that preserve both Hermiticity and tilde conjugation. 
The Bogoliubov transformation is then reduced to the usual 

B.e*B.X0) = e'*h'll . (2.19) 

\ smht^ coshty / 

The phase e^^ is just the arbitrary of the phase of a state in JF^ . 

Among all the parameters only one combination has physical meaning for each map- 
ping 0, the others being similar to the a-degree of freedom. For a given value of e.g. 
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{0^\(l){a^a)\0^), which fixes the physical parameter, all mappings considered so far repre- 
sent the same density matrix. 

The fact that we only consider linear mappings from (a, a^) to implies that 

multiparticle expectation values are given in a simple way from the single particle number. 
For example, with the transformation in Eg. (|2.19|) we have 

{0^\<P{a^a)\0^) = sinh^e, 
(C>e|(/.((at)2(a)2)|C^) = 2sinh^0. ' 

These expectation values probe different components of the thermal vacuum belonging to 
different n-particle subspaces of the Fock space and their values need not be related for 
a general density matrix. 

In all cases above the free Hamiltonian is left invariant and satisfies the usual con- 
ditions under Hermitian and tilde conjugation in JF^ . However, when interactions are 
included new terms appear that destroy these properties. 



The free propagator for a real field 



(a^fcC^^^^*-'^^) + afce"^^^^*"'^^)) , (2.21) 



V^(27r)32wfc 

in the state \0^) can be calculated in a straightforward manner. We find 

D'^'iko,!^) = 




where 



2m6{kl - ul) / /37 p59{ko) + Cie{-k,) 

C5-Pi [ c^e{ko) + mi-ko) h 

1 



^2.22) 



(2.23) 



kl-ujl + ie ■ 

It reduces to the well-known expression when the parameters (C,/?,7,5) are constrained 
by preservation of f and ~ (Eq.( |2.19| )). 

2.1 Another way of describing the non-standard Bogohubov 
transformations 

It is often convenient to formally think of \Oa) and \0^) as vectors in the same Hilbert 
space J^a ■ This is not mathematically rigorous in field theory since the Hilbert spaces 
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Ta and are unitarily inequivalent. Any density matrix p can be represented by a vector 
EJ^a that is obtained by a unitary transformation of \Oa)- It is usually written 

\0^) = e'''\0a) = U\0a) , (2.24) 

where G is Hermitian and U is unitary. It is also possible to choose U to be tilde invariant 
U = U which fixes U completely. The ^ operators that annihilates \0^) is obtained by 
the corresponding transformation 

^ = UaU-^ = UaU^ . (2.25) 
Since since U is both unitary and tilde invariant we also have 

^ = UhU^ , and = Ua^U^ . (2.26) 
In the particular case of a linear transformation between a and ^, G takes the form 

G = ipi^a'^a — a^a) + i9{aa — a^a^) , (2.27) 
where ip and 6 are the parameters occuring in Eq. (|2.19|) . 

The generalizations of the thermal Bogoliubov transformation considered so far amounts 
to replacing U by an another invertible operator V which may be non-unitary and non- 
tilde invariant. Let us first say a few words about the tilde conjugation. It can be 
described by the Tomita-Takesaki modular operator Ja [Q which is defined relative to 
the vacuum \Oa) and the algebras generated by {a,a^} and {a, a^}. It leaves \Oa) invari- 
ant and maps {a, a"!"} to {a,a^} by Ja^Ja = 5 etc. Given another vacuum \0^) there is 
another defined by = VJaV~^. If V is tilde invariant we have = Ja, otherwise 
the tilde conjugation is not preserved. It is however replaced by a new tilde conjugation 
rule relative to the ^-operators and \0^). 

In more physical terms we can say that there is a tilde conjugation defined for the 
zero temperature vacuum. If the transformation to the thermal vacuum commutes with 
that tilde conjugation we will have the same tilde conjugation operator for the thermal 
vacuum. Otherwise we have to define a new tilde conjugation with respect to the thermal 
vacuum. Note that we can always find such a new tilde conjugation rule. 

Let us consider some general transformation of \Oa) 

\0^) = V\Oa) . (2.28) 

In order that ^ annihilates \0^) we take ^ = VaV^-^. To preserve the CCR we define 
C,^ = Va'^V^^ to be the canonical conjugate of C,- Note that ^ ^'^ if V is non-unitary. 
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The bra state annihilated by is = {Oa\V^^ which is not the dual of \0^) if V is 
non-unitary. We also want to define a tilde conjugate of C,, call it ^, such that ^ and ^ 
commute. The obvious choice is ^ = VaV~^ = J^C,J^, but we note that if V ^ V. 

The idea with the usual thermal Bogoliubov transformation is that thermal expecta- 
tion values of observables like polynomials in a and (pol(a, a^)) are obtained as vacuum 
expectation values in the thermal vacuum \0^). With the transformation V the thermal 
expectation value is instead computed as 

Tr(p pol(a,a^)) = (Cj|pol(a, a^)|Og) . (2.29) 

We also notice that \0^) is no longer normalized if ^ 7^ but satisfies {0^\0^) = 1. In 
particular, in the a = 1 representation of a single oscillator ^ at equilibrium we have 

{Ol\=J2{n,n\ , (2.30) 

n 

which is not normalizable. The linear mapping in Eg. (|2.10|) is still well-defined if, for 
instance, C = 7 = ^ fo^' which s = 0, a = 1 and / = {("^ — 1)/C- 

The freedom of choosing different rules for tilde conjugation arises from the indepen- 
dence of the unitary operator U in the expectation value Tr(t/^p^/^Ap^/^f/) = {A). It has 
been studied in detail as a gauge degree of freedom when representing p in as states in 

-^a MM- 

3 Thermal and particle mixing Bogoliubov transfor- 
mations 

The equilibrium state of a harmonic oscillator can be represented by the simple mapping in 
Eq. (|2.19| ). It describes independent particles with all multiparticle correlations determined 
in terms of the number expectation value {0^\a^a\0^) . This is clearly a very particular 
state. 

In field theory the system is often assumed to be at equilibrium with respect to the 
interacting Hamiltonian at t = —00 and the vacuum \0{j3)) satisfies H\0{f3)) = 0. To do 
perturbation theory we rather want to use the thermal vacuum of the free Hamiltonian 
\0{(3))q satisfying Hq\0{P))q = 0. The difference between the two states is related to the 
vertical integration paths in the path integral formulation of TFD. These paths can often 
(but not always [0) be neglected when t — > ±00, due to clustering properties of QFT. 

^In the rest of the paper we shall write {0^\a'' a\0^) as a simplified notation for {0^\(l){a'a)\0^). 
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If, on the other hand, the initial state is given at some finite time one may have to deal 
with non-trivial correlations. The thermal Bogoliubov transformation is then non-linear 
in general. 



To do simple things first we shall consider the kind of states that can be described by 
generalizing the Bogoliubov transformation to a mixing of four operators while still being 
linear. Common to these transformations is that the free Hamiltonian is no longer invari- 
ant. But there is no reason why the initial correlation of particles should be constrained 
by the Hamiltonian which governs the dynamics of the particles. 

We shall consider three different kinds of particle mixing. They are all combinations 
of some zero and finite temperature transformation. 

First, the simple mixing of a and can be extended to include d and as well. This 
is a toy model for a state out of equilibrium where the time dependence of correlation 
function can be calculated explicitly for a free Hamiltonian. 

Secondly, we study a mixing of two modes, a and b, which can be different momentum 
modes for instance. Such a mixing occurs naturally at local equilibrium where not only 
two but all modes mix ^ . 

As a third example a mixing of the superfluidity type between a and 6^ is considered. 



The two last cases have in common that the most general transformation respecting f- 
and ~-conjugation has more parameters than a simple tensor product of zero and flnite 
temperature transformations. The parameters can be interpreted as different tempera- 
tures for the different modes and a rotation, but there is also a fourth parameter that has 
not been discussed earlier. 



Case I 

We introduce a quadruple notation for the operators 

r = (e,f,e^O , a'^ = ia,d\a\~a) , (3.1) 

with which we can write the CCR as 

[e,r] = (r2®r3r . (3.2) 

With this notation the Bogoliubov transformation is a = -84.^, where S4 is a 4 x 4 matrix. 
The conditions that CCR, f- and ~-conjugations are preserved are 

CCR : B^{t2 ® T3)BJ = {t2 ® rg) , 

t : Blin ® 1) = (ri 1)^4 , (3.3) 
~: 5*(ri®ri) = (ri®ri)54. 
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The solution is of the form 

= I 

^ (3* a 

where a and f3 are 2x2 matrices 



= I 1 i 1 , (3.4) 



a=\ ] , (3-5) 

P2 Pi I \ r2 ri J 

with the conditions that {ri,pi,tpi G H) 

{Pl + rl)-{pl + rl) = 1 , ^gg^ 

Pir2 - P2ri = . 

If we assume that pi — P2 > 1 we can satisfy the conditions by parametrizing B4 as a 
simple tensor product 

e*'^! cosh e*^2 gj^h f , ^ . .^ „x 

^*=l e-*=inh.* e-^.co.h^' l®^=<*>- 



The free Hamiltonian, expressed in terms of ^-operators, is not invariant under this 
transformation and it does not annihilate the vacuum. 

Ho{a) = w(ata-S^S) =cu(l + 2sinhV)(^^^-fO 



+ o;^^[e^(^-^^)(a - f^f ) + e-^^^^-^^\ee - ff)] • (3.8) 

This means that the thermal vacuum is not stationary. We note that H{$,) satisfy the 
usual conditions _ 

= H , H = -H . (3.9) 

The expectation value of the number operator is given by 

{0^\a^a\0^) = cosh^ e sinh V + sinh^ ^ cosh^ (/) , (3.10) 

and 

{0^\{a^)\ay\0^) = 2(05|ata|C5)^ + coshVsinhV (sinh^ ^ + cosh^ ^)2 , (3.11) 

which, by comparing with Eg. (|2.2Cl| ), clearly shows that there is a non-trivial multiparticle 
correlation. 
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Case II 

In the case of mode mixing we include two independent operators a and h in the quadruple 



a 



(a,St,6,6t), ^M = (^^^~t^^^^t) . (3.12) 



They can, for instance, be modes of different momenta [IS, 0. The Bogoliubov transfor- 
mation a = B^^ preserves CCR, f- and ~-conjugation if it satisfies 

^4(1 ® r^)Bl = (U ® Ts) , 
B^{1®Ti) = (Il®ri)54 . 

A tensor product of a SU{2) and a 5*0(1, 1) rotation satisfies Eq.( p.l3| ) but it is not the 
most general solution. The most general complex matrix satisfying Eq.( 3.13|) is rather 
complicated so we restrict it to be real for simplicity. We then have 



I a 






( ai 


"2 1 




'.) 


, a = 






\ 7 




{ "2 





with the conditions 



(3.15) 



(al-aj) + {P!-Pl) = 1, 

il! - ll) + (5! ~ 51) = 1, 

ai7i - ^272 + PiSi - = , 

tti72 - a27i + l3iS2 - l3i62 = . 

If we assume that {af — a^), {Pf — Pi), (71 — 72), (^i — ^i) — is easy to parametrize 
the solutions as 

i?2(^i)cos0 52(^2-5)sin0\ 
^ T52(0i + (5)sin0 ±B2(^2)COS0 ) ' ^' ^ 

The two parameters di and 62 are interpreted as the Bogoliubov parameters referring to 
the temperatures of the a and b particles, which may be different. The parameter is 
the mixing angle between a and b. Finally, there is fourth parameter 6 which only exist 
when the particle and thermal mixing occur simultaneously. 

The free Hamiltonian for two modes, when the upper sign in Eq.( p.l6[) is chosen, is 
transformed into 

HQ{a,b) = uja{a^a — a)d) + LJb{b^b ~b^b) 



H{^,r]) = {u a cos^ (f) + Ub sin'^ (f)){^^^ - ^^^) + {lui, cos^ (j) + uj a sin^ (f)){r]''r] - T]''-!]) 
+^(^„ - ujb) {cosh(ei - 02 + 6)[ev + V^^ - i^V - V^^] 
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+ smh(^i - ^2 + S)[rji+rj^^ - ^fj - ^fj^]} . (3.17) 

It turns out that the Hamiltonian depends only on and the combination 9i—92+6. Other 
operators may depend on other combinations and, for instance, the number expectation 
values for the two modes are 

{0^\a''a\0^) = cos^ 0sinh^ 0i + sin^ 0sinh^(^2 - S) , 

{0^\b^b\0^) = cos^ 0sinh^ 62 + sin^ 0sinh2(^i + 6) . (3.18) 



Case III 

A mixing between a and is interesting in the theory of superfluid bosons where a = ak 
and b^ = a^^k are particles of opposite momentum forming a pair that constitutes the 
elementary excitations. Using the quadruple notation 

a^={a,~a\b\b) , = {ti\v\v) , (3-19) 

the preservation of OCR, f and ~ gives the conditions 

B^{ts ® T3)Bl = (ra ® , 
B^SL ^ n) = (U ® Ti)54 • 

Similarly to the case II a tensor product of a SU{1, 1) and a 150(1, 1) rotations would 
satisfy the conditions but we look for more general solutions. For a real B4 we find 
similarly 

^ ^1 B2{e^) cosh0 B2{e2 - 5) sinh0 \ ^i) 
^ \ ^2(^1 + 5)sinh0 fi2(^2)cosh0 j ' ^' ' 

with the same interpretation as in case II. Again, we give the free Hamiltonian 
H{i-, f]) = {uJa cosh^ (f> + ujf, sinh^ 0) (^^^ — f '^f ) + {ujf, cosh^ + sinh^ 0) {r]''r] — iff}) 

+ !^!^(^„ + {cosh(^i -e^-rS) [eri^ + i^f)^ - f)i] 

- sinh(^i -62 + 6)[^^fi + fj^^ - i^r] - r]^i]} , (3.22) 
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and the number expectation values 



{0^\a^a\0^) = coshVsinh^^i + sinhVcosh2(e2-5) , 

{0^\b^b\0^) = coshVsinh^^2 + sinhVcosli^(0i + 5) . (3.23) 

4 Extension to fermions 

The analysis of Sec.|^ and Sec.|^ can be repeated for fermions. Since we want the fermions 
to anti-commute we need to define the thermal doublet like = (a, id^) , a^^ = 
{a\—id) and we use the convention a = a[|19|. Differences in signs in the canonical 
anti-commutation relation (CAR) and the factors of i lead to slightly different conditions 
compared to Sec.^ but they can all be solved in a similar manner. 

4.1 2x2 Bogoliubov matrices 

We start with the extension of the thermal 2x2 Bogoliubov transformation to the cases 
when Hermitian and tilde conjugation are not preserved. Defining = Fl"^.^*^ and a^^ = 
Gf e^'^ the CAR gives 

F,-' = Gl . (4.1) 

The only restriction on F2 is that it should be invertible. When we require ~ invariance 
we get the extra condition 

F2r2F^ = r2 , (4.2) 
just as for bosons. The condition for preserving Hermiticity is however 

F2FI = U . (4.3) 

We summarize the various possibilities for fermions and bosons in Tab.l. 



12 



preserve 

t yes 
bosons 



yes 



no 



ivOT^ (3 



t yes 

fermions 
a e [-1,1] 



±Vl — a 



-a ±VT 



lip 



a" 



VI - a'^e-'^ 



t no 



^ I eU{l)xSL{2,lR) 



7 



C 



C P 

7 6 



e GL(2,(C 



CS-Pi^o 



Table 1. The 2x2 Bogoliubov matrices for bosons and fermions. 



4.2 4x4 Bogoliubov matrices 

It is straightforward to determine what kind of 4 x 4 Bogohubov transformations are 
possible for fermions along the lines of Sec.Q. 

Case I 

The fermionic cases are quite different from the bosonic ones. At zero temperature a 
transformation like ^ = aa + Pa^ can only satisfy the CAR if a/3 = (and \af + \pf = 1), 
i.e. if one of a and P is zero. This kind of constraint survives also at finite temperature. 
Using the quadruple notation 

= (a, t~a\ a\ -i~a) , ^ = (e, ^l\ i\ , (4.4) 
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the condition for preserving CAR, f and ~ are 



CAR: F4(ri®ll)Fj 
f: F;(ri®ll) 



(n ® u) , 
(n ® u)F4 , 

{t2 ® r2)F4 . 



(4.5) 



The only solution which is continuously connected to the identity is in fact 




e^^i cos e e^^2 sin q 



) 



( 



) 



(4.6) 



and its Hermitian conjugate. We conclude that it is only the usual thermal mixing that 
is possible for a single fermionic mode. 

In connection with the observation that there is no non-trivial mixing of fermions as 
described above we want to comment on another convention for tilde conjugation of 
fermions. In many places in the literature it is postulated that a = —a for fermions and 
the thermal doublet (a, a^) is used. This notation gives the same possible 2x2 Bogoliubov 
matrices at equilibrium, and no physical difference between the two conventions is known 
so far. For the 4x4 mixing considered here in case I the conditions for preservation of 
CAR, f- and ^-conjugation allows for non-trivial transformations using this alternative 
convention. To be more precise, if we define 



and extend it through f- and the altered ~-conjugation, the CAR can be satisfied even 
when all a, (3, 7 and 6 are non-zero. For example we can take 



which is not possible with the convention d = a. The relations between the different 
conventions for non-equilibrium states is not yet clear and we continue to use d = a 
since the construction of such anti-commuting tilde operators is possible from the basic 



(4.7) 



a = cos (j) cos 6 , 7 = — sin (j) sin 6 
P = cos sin 6* , 5 = sin cos 9 , 



(4.8) 



Tomita-Takesaki modular theory |T^. 
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Case II 

Mixing of two species of fermions is important e.g. for massive neutrinos in connection 
with the solar neutrino problem. When we write the quadruple like 

= (a, t~a\ b, ib^) , ^ = (e, V, ^V^) , (4.9) 
the condition for CAR, f and ~ are 



A tensor product of the particle and thermal mixing fulfills Eq.( 4.1U ), but more general 
solutions are allowed. Assuming that F4 is real we get 



F2{9i)cos4> F2{92 - S) sincp 
-^2(^1 + 5)sin0 F2(^2)cos0 



(4.11) 



where 



Fm-{ ~1 1 . (4.12) 



sin 9 cos 9 

The free Hamiltonian and the number expectation values are in this case 

H{^, 7]) = {uja cos^ 4> + uJb sin^ 0) (^1"^ - f "^1) + cos^ 4> + uJa sin^ 0) (r/^r/ - r/"^?]) 



sin 20 



{u, - u,) {cos(^i -92 + S)[^^r] + r/t^ _ _ ^t|] 



-tsmi9i-92 + 5)[efi^ + i^V^ -m-vi]} , (4.13) 
{0^\a^a\0^) = cos^^sin^^i + sin2 0sin2(e2 -5) , 

{0^\b^b\0^) = cos^sin^^s + sinVsin2(^i + 5) . (4.14) 
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Case III 

In the BCS theory of superconductivity there is a mixing between ak^] and -k,i- Thermo 
field dynamics was first invented as an operator formahsm to deal with superconductivity 
at finite temperature and this application is still of current interest A general 
mixing of the BCS type preserving CAR, f- and ~-conjugation must satisfy 



if we use the notation = (a, id\ b\ —ih). The solution is 



(4.15) 



F2(0i)cos0 r3F2(^2 -5)sin0 . 
^ ' -r3F2(^i-5)sin0 F2(^2)cos0 ' ' ^' ' 

The transformed Hamiltonian and the number expectation values are 

H{i, V) = i^a cos^ (p-ujb sin^ 0) (^"^^ - f "^|) + {ub cos^ 4> - uJa sin^ (p) {r]^r] - 77^77) 



+-^iuJa - uJb) {cos(^i + ^2 - S)[ev^ + v^- fr^t _ 

- ism{ei + 02 - 6)[^^f, + - V^^ - V^^]} , (4.17) 
{0^\a^a\0^) = cos^sin^^i +sin^0cos2(52 -5) , 



{0^\b^b\0^) = cos^^sin^^s +sin2 0cos2(^i -5) . (4.18) 

5 Conclusions 

We have generalized the a-degree of freedom and discussed the relation to Hermitian and 
tilde conjugation. Depending on which algebraic properties one wishes to preserve when 
representing the operators in the thermal Hilbert space different parametrizations of the 
thermal Bogoliubov transformation are possible. Some of the parameters have been used 
earlier to simplify time dependent non-equilibrium calculations in TFD and we hope that 
the extensions considered here will also turn out to be useful. 

Mixing of modes occurs in several systems at zero temperature. We have combined 
particle mixing and thermal mixing for a number of cases for bosons and fermions. The 



16 



essential result is that the number of physical parameters increases when we consider both 
mixings at the same time. Even when Hermitian and tilde conjugation are preserved, so 
that the corresponding a-degree of freedom is eliminated, there remains a new parameter 
which we call S. One can, for instance, imagine a system that undergoes a phase transition 
acquires a value of 6 which is determined by the dynamics. Quite generally we would like 
to stress that the set of all Bogoliubov transformations is very rich when one leaves the 
simple equilibrium case, mostly considered in the literature so far. 

The meaning of the parameter 5 has yet to be clarified in greater detail but we can 
speculate about its role in the thermal states. Let us take the bosonic case II as an exam- 
ple and let 6i = 62 for simplicity. The usual way of determining the value of the mixing 



parameter is to diagonalize the quadratic part of the interacting Hamiltonian |20, 21 



In Eq.( p.l7| ) we start out from a diagonal Hamiltonian but we can see what kind of terms 
the non-zero 6 generates. The term with a factor cosh(5) contains no mixing of tilde and 
non-tilde modes, they are only in the sinh((5) term. The mixing of tilde and non-tilde 
operators is usually related to dissipation so we may expect that the 6 parameter is also 
related to dissipation. These are only speculations that have to be substantiated by fur- 
ther research. 



Acknowledgement 

P. Elmfors wish to thank The Swedish Institute for financial support and The Theoretical 
Physics Institute, Edmonton, Alberta, for their hospitality during his stay. We also thank 
Dr. T. Einarsson for providing a Mathematica package for normal ordering. 



References 

[1] R. Kobes, "A correspondence between imaginary time and real time finite tempera- 
ture Geld theory", Phys. Rev. D42 (1990) 562 and 

"TLe 3-point function at finite temperature in tie real time formalism " , Phys. Rev. 
Lett. 67 (1991) 1384 

[2] P. Aurenche and T. Becherrawy, "A comparison of the real time and imaginary time 
formalisms of finite temperature field theory for 2, 3 and 4-point Green's functions" , 
Nucl. Phys. B379 (1992) 259 

[3] H. Umezawa and Y. Yamanaka, '^Thermal degree of freedom in thermo field dynam- 
ics", Phys. Lett. A155 (1991) 75 

[4] H. Umezawa and Y. Yamanaka, '^Temporal description of thermal quantum fields", 
Mod. Phys. Lett. A7 (1992) 3507 



17 



[5] Y. Yamanaka, H. Umezawa, K. Nakamura and T. Arimitsu, "Thermo Geld dynamics 
in the time representation" University of Alberta, preprint, Killam-2, 1992 

[6] K. Nakamura, H. Umezawa and Y. Yamanaka, "Time-space dependent formulation 
in thermo held dynamics", Mod. Phys. Lett. A7 (1992) 3583 

[7] T. S. Evans, I. Hardman, H. Umezawa and Y. Yamanaka, "Heisenberg and interaction 
representation in thermo Geld dynamics", J. Math. Phys. 33 (1992) 370 

[8] P. A. Henning and H. Umezawa, " Diagonalization of propagators in thermo Geld 
dynamics for relativistic quantum Gelds", preprint, GSI-92-61, Sept. 92 

[9] H. Umezawa, "Advanced field theory: Micro, macro and thermal physics", (American 
Institute of Physics, in press 1993) 

[10] R. Haag, N. M. Hugenholtz and M. Winnink, "On the equilibrium states in quantum 
statistical mechanics " , Comm. Math. Phys. 5 (1967) 215 

[11] T. Arimitsu, H. Umezawa and Y. Yamanaka, "Canonical formalism of dissipative 
Geld in thermo Geld dynamics", J. Math. Phys. 28 (1987) 2741 

[12] H. Umezawa and Y. Yamanaka, "Micro, macro and thermal concepts in quantum 
Geld theory". Adv. in Phys. 37 (1988) 531 

[13] T. S. Evans, I. Hardman, H. Umezawa and Y. Yamanaka, "A time-dependent 
nonequilibrium calculational scheme towards the study of temperature Guctuations" , 
University of Alberta, preprint, 1990 

[14] O. Bratteli and D. W. Robinson, "Operator algebras and quantum statistical me- 
chanics 1 " , (Springer Verlag, New York, 1987) 

[15] A. Uhlmann, "Parallel transport and holonomy along density operators " , in pro- 
ceedings of The 15th International Conference on Differential Ceometrical Methods 
in Theoretical Physics " , Clausthal, 1986 and 

"Gauge Geld governing parallel transport along mixed states ", Lett. Math. Phys. 21 
(1991) 229 

[16] P. A. Henning, M. Graf and F. Matthaus, "The geometry of the thermal quasiparticle 
transformation", Physica A182 (1992) 489 

[17] H. Matsumoto, H. Umezawa and J. P. Whitehead, "Vacuum diagrams in perturbative 
thermo Geld dynamics ", Prog. Theor. Phys. 76 (1986) 260 



18 



[18] P. Elmfors and B.-S. Skagerstam, "Quantum Gelds at local equilibrium and distor- 
tions of the cosmic microwave background", Ann. Phys. (N. Y.) 217 (1992) 304 

[19] I. Ojima, "Gauge fields at finite temperature - 'thermo field dynamics' and the KMS 
condition and their extension to gauge theories", Ann. Phys. (N.Y.) 137 (1981) 1 

[20] L. Leplae, H. Umezawa and F. Mancini, "Derivation and application of the boson 
method in superconductivity", Phys. Rep. CIO (1974) 151 

[21] O. W. Greenberg, "N-quantum approach to the BCS theory of superconductivity" , 
University of Maryland, preprint, MDDP-PP-93-034 



19 



